In this note, we consider an extended version of Armacost's problem of "description of topological torsion elements" of the circle group and describe topological s-torsion elements (which form the statistically characterized subgroups, recently developed in [16] ) in terms of the support which also provides the complete solution of Problem 6.10 posed in [16] for all arithmetic sequences.
Introduction and the background
Throughout R, Q, Z and N will stand for the set of all real numbers, the set of all rational numbers, the set of all integers and the set of all natural numbers respectively. The first three are equipped with their usual abelian group structure, The circle group T is identified with the quotient group R/Z of R endowed with its usual compact topology. For x ∈ R we denote by {x} the distance from the integers i.e. the difference x − [x].
Recall that an element x of an abelian group X is torsion if there exists k ∈ N such that kx = 0 (more specifically called k-torsion in this case). An element x of an abelian topological group G is [8] :
(i) topologically torsion if n!x → 0; (ii) topologically p-torsion, for a prime p, if p n x → 0. It is obvious that any p-torsion element is topologically p-torsion. Armacost [2] defined the subgroups X p = {x ∈ X : p n x → 0} and X! = {x ∈ X : n!x → 0} of an abelian topological group X, and started their investigation, in particular description of the elements forming the subgroups. Note that the above two notions are just special cases of the following general notion considered in (Section 4.4.2, [19] ).
(a) Let p be a prime. For the sequence (a n ), defined by a n = p n for every n, obviously t (p n ) (T) contains the Prüfer group Z(p ∞ ). Armacost [2] proved that t (p n ) (T) simply coincides with Z(p ∞ ) and x is a topologically p-torsion element iff. supp(x) (defined later) is finite.
(b) Armacost [2] posed the problem to describe the group T! = t (n!) (T). It was resolved independently and almost simultaneously in [19, Chap. 4 ] and by J.-P. Borel [7] .
In particular, in both the above mentioned instances, the sequences of integers, concerned are arithmetic sequences. Recall that a sequence of positive integers (a n ) is called an arithmetic sequence if 1 < a 1 < a 2 < a 3 < . . . < a n < . . . and a n |a n+1 for every n ∈ N.
As has been seen, some of the most interesting cases studied are the topological a-torsion elements characterized by arithmetic sequences. The results of Armacost [2] and Borel [7] were considered in full general settings with arbitrary arithmetic sequences in [12] and then with more clarity in [15] where topological a-torsion elements were completely described for a major class of arithmetic sequences.
However in certain sense, a n x → 0 seems somewhat too restrictive, for example observe that, only countably many elements of T are topologically p-torsion even if the sequence (a n ) = (p n ) is not too dense (it is a geometric progression, so has exponential growth). Motivated by this observation, we intend to consider a modified definition using a more general notion of convergence, as follows:
For m, n ∈ N and m ≤ n, let [m, n] denotes the set {m, m + 1, m + 2, ..., n}. By |A| we denote the cardinality of a set A. The lower and the upper natural densities of A ⊂ N are defined by [9] If d(A) = d(A), we say that the natural density of A exists and it is denoted by d(A). For two subsets A, B of N, we will write A ⊆ d B if d(A \ B) = 0 and A = d B if d(A△B) = 0. The idea of natural density was later used to define the notion of statistical convergence ( [22, 28] , see also [10, 27, 23] ). Definition 1.2. A sequence of real numbers (x n ) is said to converge to a real number x 0 statistically if for any ε > 0, d({n ∈ N : |x n − x 0 | ≥ ε}) = 0.
Over the years, the notion of statistical convergence has been extended to general topological spaces using open neighborhoods [20] and a lot of work has been done on the notion of statistical convergence primarily because it extends the notion of usual convergence very naturally preserving many of the basic properties but at the same time including more sequences under its purview paving way for interesting applications (for example see [3, 11, 29] ). The following two characterizations of statistical convergence would be of much help in our investigations. Under the circumstances, it seems very natural to use the notion of statistical convergence to relax the condition a n x → 0, i.e. we will consider the situation when a n x → 0 statistically (rephrasing Definition 1.2, in our context, this means that for every ε > 0 there exists a subset A of N of asymptotic density 0, such that {a n x} < ε for every n ∈ A). Definition 1.3. Let (a n ) be a sequence of integers. An element x in an abelian topological group G is called topological s a -torsion element (only topological storsion when the given sequence (a n ) is fixed) if a n x → 0 statistically in G.
It has already been observed in the recent article [16] that the topological storsion elements of T form a proper Borel subgroup of T of cardinality c for any arithmetic sequence (a n ) which was named as an s-characterized (by (a n )) subgroup of T denoted by t s (an) (T) i.e. t s (an) (T) := {x ∈ T : a n x → 0 statistically in T}. In this note we intend to present a complete description of topological s-torsion elements of T (given in Theorem 2.1 and Theorem 2.2) which in turn would answer the following open problem posed in [16] : Problem 6.10. Let (a n ) be an arithmetic sequence such that q n > 2 for infinitely many n. Does there exist a characterization of the elements of the subgroup t s (an) (T) only in terms of the support.
Before proceeding to our main result we present below certain basic definitions, notations and results which will be needed in the next section. Definition 1.4. An arithmetic sequence of integers (a n ) is called (i) q-bounded if the sequence of ratios (q n ) (where q n = an an−1 ) is bounded. (ii) q-divergent if the sequence of ratios (q n ) diverges to ∞.
Lemma 1.2. [15]
For any arithmetic sequence (a n ) and x ∈ T, we can build a unique sequence of integers (c n ), where 0 ≤ c n < q n , such that
and c n < q n − 1 for infinitely many n.
For x ∈ T with canonical representation (1), we define supp(x) = {n ∈ N : c n = 0} and supp q (x) = {n ∈ N : c n = q n − 1}. Clearly supp q (x) ⊆ supp(x). Now we are going to introduce some equations which will be used repeatedly in our next section. Let (a n ) be an arithmetic sequence and x ∈ T has canonical representation (1). Then we have, for all non-negative integer k, i) q n · q n+1 . . . q n+k = a n a n−1 · a n+1 a n . . . a n+k a n+k−1 = a n+k a n−1 .
ii) {a n−1 x} = ∞ i=n c i a i · a n−1 = (c n · a n−1 a n + c n+1 · a n−1 a n+1 + . . .)
iii)
From equations (4) and equations (3), we get
For all n ∈ N and k ∈ N ∪ {0}, we define
Therefore, equation (5) 
Further putting k = 0 in equation (5), we finally obtain
Let a = (a n ) be a given arithmetic sequence. Now for any supp(x)) = 0, we get d(B ′ ) = d(B). Therefore,
But as x ∈ t (aB−1) (T), thus we can conclude that lim
Hence, c n = q n − 1 for almost all n ∈ B ′ i.e. B ′ ⊆ * supp q (x), which implies
Then in view of the fact that x ∈ t (aB−1) (T), we must have, lim
Otherwise without any loss of generality, we can assume that A m is infinite for all m ∈ N \ {1}. Now, considering the sequence (A m ) m∈N of density zero sets, one can find C ⊂ N with d(C) = 0 such that A m \ C is finite for all m ∈ N \ {1} (for explicit construction of such a set, see [27] , also the existence follows from the fact that
with n > n l , we have q n > l. Since l was taken arbitrarily, it follows that B is q-divergent.
Main results
Theorem 2.1. Let, (a n ) be an arithmetic sequence and x ∈ T. Then x is a topological s-torsion element (i.e. x ∈ t s (an) (T)) if and only if either d(supp(x)) = 0 or if d(supp(x)) > 0, then for all A ⊆ N with d(A) > 0 the following holds:
Consider any A ⊆ N with d(A) > 0. We take B = M ∩ A. Then B ⊆ A and d(B) = d(A). As B ⊆ M , from equation (9), we get lim n∈B {a n−1 x} = 0 in T.
(a) Suppose first that A is q-bounded. The following two cases can arise:
Hence, we get
Now from the definition of canonical representation (1), c n+1 ≤ q n+1 − 1 for all n ∈ N. Again from equation (8), we have
Hence from equation (10), it follows that
Now, q n+1 ≥ 2 for all n ∈ N. From equation (11), we can observe that c n+1
proceeding as in the first part of the proof, we get A + 1 ⊆ d supp q (x).
(a2) Now let d(A∩supp(x)) = 0. Since B ⊆ A, we must have d(B∩supp(x)) = 0. Then from Lemma 1.3, we can conclude that lim
. Therefore putting k = 1 in equation (6) and equation (7), we get
Moreover, if A + 1 is q-bounded, then vanishing of the last limit implies that (A + i). Now putting k = k + 1 in equation (6),
Therefore, from equation (7) and equation (13), it follows that
Let x ∈ T has canonical representation (1) such that (a) and (b) of Theorem 2.
, then the following hold:
. Therefore there exists n k ∈ N such that for all n ∈ A ′ with n ≥ n k , Sufficiency: If d(supp(x)) = 0, then from [16, Theorem 4.3] it readily follows that x ∈ t s (an) (T). So let d(supp(x)) > 0 and supp(x) satisfy conditions (a) and (b). To show that x ∈ t s (an) (T), in view of Lemma 1.1 it is sufficient to check the convergence criterion: for all A ⊆ N with d(A) > 0, there exists B ′ ⊆ A such that lim n∈B ′ a n−1 x = 0 in T. Indeed without any loss of generality, we can assume that either d(A ∩ supp(x)) = 0 or A ⊆ d supp(x). (15) q n+k+1 < ε for all n ∈ B ′ . Therefore, from equation (15), we get
Thus in both cases, we have lim n∈B ′ {a n−1 x} = 0 in T for some B ′ ⊆ A, as required.
We assume that there exists an integer k ≥ 0 such that A + k + 1 is not q-bounded but A + i is q-bounded for all i = 0, 1, 2, . . . , k. If there exists an A ′ ⊆ A such that d(A ′ ) > 0 and A ′ + k + 1 is q-bounded, then without any loss of generality we can start with A ′ in place of A. If this process does not terminate after finitely many steps then we can conclude that there exists B ⊆ A with d(B) > 0 such that L k (B) is q-bounded for all k ∈ N. Consequently, we can consider B in place of A and proceed as in Subcase (i a ). Now let us consider the case when there does not exist any A ′ ⊆ A such that d(A ′ ) > 0 and A ′ + k + 1 is q-bounded. Therefore from Lemma 1.4, there exists
Therefore, from equation (14) and equation (18) (19), we get
Then there exists B ⊆ A such that σ n,k = 0 for all n ∈ B. Subsequently from (ii) of Claim 2.1 and equation (19), we have 
Hence in all cases, we can conclude that for any A ⊆ N with d(A) > 0, there exists B ′ ⊆ A such that lim n∈B ′ {a n−1 x} = 0 in T. This shows that x ∈ t s (an) (T) i.e. x is a topological s-torsion element of T.
Remark 2.1. Since, for all n ∈ supp(x), we have c n = 0, it is sufficient to consider only subsets of supp(x) in item (b) of Theorem 2.1.
One must observe that Theorem 2.1, though providing the characterization of a topological s-torsion element for all arithmetic sequences (a n ) does have a shortcoming in the sense that it is perhaps too complicated for real application to see whether for a given arithmetic sequence (a n ), an element x is a topological s-torsion element, because one literally has to check the conditions for every subset A of N with positive density. In the remaining part of the article we follow in the line of investigations of [15] which would show that in certain circumstances, one can obtain much more simplified and "easy to apply" equivalent criterions for the same. Before proceeding further, let us recall the following notion of "splitting" sequences which were considered in [15] . As a natural consequence, we can think of generalizing the idea of a splitting sequence using natural density. Proof. We assume that (q n ) has the d-splitting property. Now two cases can arise:
* At first, we consider B = ∅. Then there exists a D ′ ⊆ N with d(D ′ ) = 1 such that D ′ is q-divergent. Take any m ∈ N. Since D ′ is q-divergent, there exists an n m ∈ N such that q n > m for all n > n m and n ∈ D ′ . We set M = 1. Then it is evident that for all m > M
Then we have d(B) > 0 and consequently there exists a
In this case, we set M = 1 + max n∈B ′ {q n }. Therefore, for any m > M , we obtain From Proposition 2.1 and Proposition 2.2, it is obvious that every splitting sequence is a d-splitting sequence. However the converse is not necessarily true, nor it is true that every subset of N has the d-splitting property (an example not having splitting property was given in Example 3.12 [15] but one must take into consideration that a non-splitting sequence can still be d-splitting).
Take any n ∈ N. One can find a k ∈ N such that k 2 ≤ n < (k + 1) 2 . So we can Motivated by these two examples, we present below equivalent conditions for a sequence to be splitting or d-splitting (or in other words, equivalent formulations of Proposition 2.1 and Proposition 2.2). Proposition 2.3. Let (q n ) be a sequence of natural numbers. For all i ∈ N, we define A i = {n : q n = i}. Then (i) (q n ) is a splitting sequence if and only if there does not exist a subsequence (A n k ) k∈N of (A n ) such that A n k is infinite for all k ∈ N: (ii) (q n ) is a d-splitting sequence if and only if there does not exist a subsequence (A n k ) k∈N of (A n ) such that d(A n k ) > 0 for all k ∈ N.
For the next result we will use the following notations. Let (a n ) be an arithmetic sequence and x ∈ T with canonical representation (1) . Assume that the sequence of ratios (q n ) has the d-splitting property which means that there exists a partition Theorem 2.2. Let (a n ) be an arithmetic sequence and x ∈ T has canonical representation 1. If the sequence of ratios (q n ) has the d-splitting property, then x is a topological s-torsion element i.e. x ∈ t s (an) (T) if and only if the following conditions hold: Again, since d(B\B ′ ) = 0, we finally get
Sufficiency: Let the conditions hold. It suffices to show that the conditions of Theorem 2.1 hold. If d(supp(x)) = 0 then there is nothing to prove. So let us assume that d(supp(x)) > 0. Consider any A ⊆ N with d(A) > 0.
(a) First suppose that A is q-bounded. (b) Let us now assume that A is q-divergent. Then we have A ⊆ d D. From Remark 2.1, without any loss of generality we can assume that A ⊆ supp(x). Therefore, A ⊆ d D S (x) and we get d(D S (x)) > 0. By (iii), we have lim
. Therefore, from theorem 2.1, we can conclude that x ∈ t s (an) (T).
In particular, one can obtain simpler characterizations of topological s-torsion elements when supp(x) is either q-bounded or q-divergent for the given arithmetic sequence. Proof. Let x ∈ t s (an) (T). If d(supp(x)) = 0 then there is nothing to prove. So, assume that d(supp(x)) > 0. Since supp(x) is q-bounded and d(supp(x)) > 0, we set A = supp(x). Therefore from item (a1) of Theorem 2.1, we get supp(x) + 1 ⊆ d supp(x) and supp(x) ⊆ d supp q (x). Thus, we have d((supp(x) + 1) \ supp(x)) = 0, and (ii) d(supp(x) \ supp q (x)) = 0.
In order to prove the sufficiency of the conditions, if possible, suppose that there is a x ∈ t s (an) (T) for which (i) does not hold i.e d((supp(x) + 1) \ supp(x)) > 0. Since, d(supp(x) + 1) = d(supp(x)), we must have d(supp9x)) > 0. Now, taking A = supp(x) and applying item (a1) of Theorem 2.1, we get A + 1 ⊆ d supp(x) i.e. d(supp(x) + 1 \ supp(x)) = 0 − which is a contradiction. Therefore (i) holds true. Now, let us consider that (ii) does not hold i.e. d(supp(x) \ supp q (x)) > 0 but x ∈ t s (an) (T). Set A = supp(x) \ supp q (x) and q = 1 + max
{q n }. Consequently, from equation (8), we obtain
− Which is a contradiction. Therefore (ii) holds true. Proof. First, let x ∈ t s (an) (T). If d(supp(x)) = 0, then there is nothing to prove. So, let us assume that d(supp(x)) > 0. Now, taking A = supp(x) and applying item (b) of Theorem 2.1, we can conclude that (i) holds true. Next let us suppose that A = D − 1 is q-bounded for some D ⊆ supp(x). If d(A) = d(D) = 0, then there is nothing to prove. Therefore, we can assume d(A) > 0. Since, supp(x) is qdivergent, we have d(A∩supp(x)) = 0. Now, applying item (a2) of Theorem 2.1, we have lim Conversely, let us assume that the conditions hold. To prove that x ∈ t s (an) (T), we need to show (a) and (b) of Theorem 2.1 hold. Since (b) follows from (i), it is sufficient to show only (a). If d(supp(x)) = 0, then x ∈ t s (an) (T). So, assume that d(supp(x)) > 0. Now, take any A ⊆ N with d(A) > 0. If A is q-bounded, then d(supp(x)∩A) = 0. Therefore, we need to prove only (a2). If d((A+1)∩supp(x)) = 0, then taking A ′ + 1 = (A + 1) \ supp(x), we get lim Following observations follow from our main results, giving certain particular cases of an element of T being or not being a topological s-torsion element.
• If supp(x) is q-divergent and lim n∈A cn qn = 0 in R for some A ⊆ supp(x) with d(A) = d(supp(x)), then x is a topological s-torsion element of T.
• Suppose x ∈ T has canonical representation 1 with q-divergent support. If d({n ∈ supp(x) : (c n ) is bounded}) = d(supp(x)), then x is a topological s-torsion element of T.
• Suppose A is q-divergent and d(A) = 1. Then x is a topological s-torsion element of T if and only if lim n∈D ′ cn qn = 0 in T for some D ′ ⊆ supp(x) with d(D ′ ) = d(supp(x)).
• Let (a n ) be an arithmetic sequence and x ∈ T be such that
[p n , r n ], p n , r n ∈ N, p n ≤ r n < p n+1 for all n ∈ N;
(ii) there exist l ∈ N such that for all n ∈ N, |r n − p n | ≤ l and |p n+1 − r n | ≤ l;
Then x is not a topological s-torsion element of T.
• Let (a n ) be an arithmetic sequence and x ∈ T be such that (i) d(supp(x)) > 0 and supp(x) is q-divergent;
(ii) for all n ∈ supp(x), cn qn ∈ [r 1 , r 2 ], where 0 < r 1 , r 2 < 1. Then x is not a topological s-torsion element of T.
